In this paper we show that an essential lamination L in a non-Haken 3-manifold M is`tightly wrapped', in the sense that any t wo leaves of L have i n tersecting closures; L therefore contains a unique minimal sublamination. We also show that these properties are inherited by a n y lift of L to a nite cover of M.
with the property that L 0 L for every leaf L of L. L 0 can therefore be de ned a posteriori as L 0 = LL L 6 = ;.
Since a codimension-1 foliation without Reeb components is an example of an essential lamination, we h a ve as an immediate consequence:
Corollary 2: A codimension-1 foliation F without Reeb components in a compact non-Haken 3-manifold M contains a unique minimal set. This corollary is of independent i n terest; it is also an interesting example of a foliationtheoretic result which seemingly requires a lamination-theoretic proof. Previously see La or Co it was known that F has only a nite number of distinct minimal sets that result does apply much more generally, h o wever.
Thus in a sense, in a non-Haken 3-manifold essential laminations must be`tightlywrapped'. This restriction on their structure adds a potentially useful new tool to the further study of essential laminations. In particular, since Haken manifolds are already fairly well-understood, this additional structure appears in exactly those 3-manifolds in which essential laminations will be the most useful: those which do not already contain an incompressible surface. It can therefore turn what might be perceived as a liability the lack of an compact leaf, to which more classical techniques could apply into an asset extra information about the`shape' of the lamination; see, e.g., Br1 . This usefulness will have its limitations, however: in the second section we demonstrate its lack of application to nding Haken nite coverings of non-Haken 3-manifolds, by showing that the same tightness property is inherited by a n y lift of L to a nite cover of M.
Proof of Theorem 1:
The reader is referred to G-O for the basic concepts regarding essential laminations.
We will assume throughout that the 3-manifold M in question is compact hence closed, because M is non-Haken, connected, and orientable.
Proposition 3: If M is an irreducible 3-manifold with non-empty boundary, then either M contains a closed 2-sided incompressible surface or M is a handlebody.
Proof: Choose a @-component F of M. If it is incompressible, we are done. Otherwise there is a compressing disk D for F, and we begin building a compression body see Bo for M along F by writing M= M 0 C 0 , where C 0 = NF D i.e., it is NF with a 2-handle attached, and M 0 is the rest of M. @M 0 has boundary component F 0 =@NF DnF, and we again ask if this is incompressible in M 0 . Continuing inductively, i f a t a n y stage F i is incompressible in M i , then it is incompressible in M, because F i is also incompressible in C i turning it upside-down i.e., turning its handlebody structure upside-down, C i is basically NF i with a bunch of 1-handles attached, so F i 1 -injects. Otherwise, we can decompose F down to a collection of sphere @-components of some M n . It is easy to see that M n is irreducible inductively, and so M n then consists of a union of 3-balls = 0-handles; Turning C n upside-down then demonstrates that M is a union of 0-handles with 1-handles attached, i.e., is a handlebody.
Lemma 4: Every lamination L contains a minimal sublamination, i.e., a non-empty lamination L 0 L which contains no proper non-empty sublamination.
Proof: Look at the collection of non-empty sublaminations of L, ordered by inclusion.
Because M is compact, any sequence L 0 L 1 : : :has a lower bound T i L i 6 = ; any nite intersection is non-empty, so the full intersection is; it is a lamination because any leaf of L which has a point in the intersection is entirely contained in each L i , s o i s e n tirely contained in their intersection. Therefore, by Zorn's Lemma, this collection contains minimal elements, i.e., non-empty sublaminations properly containing no others. Consider the set of points x i A 1 ; this sequence has a limit point x in L A 1 . But because L 0 met transverse arcs in nowhere-dense sets, it follows that the I-bers of the NB i m ust be becoming uniformly short the I-bers of the NB i are nested in the Ibers of NB i,1 , so their lengths must tend to zero, because L 0 contains no transverse arcs. Therefore, the distance between x i and y i must be tending to zero; but then since the sequence x i tends to x, it follows that the sequence y i also tends to x. But the y i are all in A 2 , and so any limit point they have lies in A 2 , and therefore x lies in A 2 , i.e., x 2 A 1 A 2 , which is therefore non-empty. But because A k =L k so A k ,1 L k , it then follows that ; 6
This now allows us to nish the proofs of the theorem and corollary. In other words, not only does every leaf of L limit on L 0 , but every end of every leaf does, as well.
Haken coverings of non-Haken 3-manifolds
The structure theorem above shows that the leaves of essential laminations in non- is the unique minimal sublamination of L 0 ; consequently, a n y t wo leaves of L 0 have i n tersecting closures.
This theorem therefore says that an essential lamination in a non-Haken 3-manifold is really tightly wrapped; it can't be unwrapped by passing to nite covers of M.
The only ingredient of the proof which w e do not already have is the following result:
Proposition 10 The above result is a special case of a more general result on the structure of pullbacks of laminations under non-zero degree maps; see Br1 , Br2 . Proof of Theorem 9: For technical reasons, we m ust rst as in Proposition 7 split L 0 open along a leaf, to insure that L 0 and hence L 0 0 meets I-bers of some hence every branched surface neighborhood in nowhere-dense sets. We will rst prove Theorem 9 for this possibly di erent collection of laminations. 
